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Abstract 

The gauge field theories are usuaUy quantized by fixing gauge. In 
this paper, we propose a new formalism that quantizes gauge fields with- 
out gauge fixing but naturally follows canonical formalism. New physical 
implications will follow. 

Gauge symmetry is often indispensable because relativistic system usually 
need gauge symmetry. If it were not for gauge symmetry for a vector or tensor 
field, we would have negative norm states when quantized. Therefore gauge 
symmetry is requisite. 

The problem is that a system with gauge symmetries is a "constrained sys- 
tem" , in which ordinary canonical formalism does not work. Usually, it is con- 
sidered necessary to eliminate freedom of gauge by hand since it is the only 
known way. This is called "gauge fixing" . 

In this paper, we propose a new formalism that quantizes gauge fields with- 
out gauge fixing but naturally follows canonical formalism. Its main consequence 
is that this theory has quantized physical degree of freedom that corresponds to 
electrostatic field. It will give the same result for scattering as the conventional 
theories, which is a desirable property. 

In this paper we use the word "electrostatic" in a little bit inexact sense. It 
rather means longitudinal part of electric field E. It is not completely static as 
it changes as the charges move, but it is not dynamic like the transverse parts, 
which can propagate the space owing to the kinetic term in the Lagrangian. 

The belief of transversality is that only transverse polarizations are physical 
degrees of freedom and taking transverse polarizations and quantizing it gives 
us the correct quantized field theory. This belief is so ubiquitous that sometimes 
it is left unmentioned or even unnoticed. Feynman's ghost, BRST formalism, 
elimination of surplus degree of freedom follows and are equivalent to this. 

The discourse in this paper will urge reconsideration to the belief of transver- 
sality, then all the works that rely on it will need rethink. Further, after reading 
this paper, you will forget that you never knew about the static electric field in 
quantum field theories. 
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In section 1, QED will be quantized and wc go over the canonical theory of 
constrained systems. Then we can explicitly write down states of electrostatic 
field and calculate electrostatic energy. In section 2, we apply our formalism 
to a non-Abclian gauge theory. In these sections, remarks about the conven- 
tional theories were put into the footnotes because the author believes that 
these are not important for the future readers. In section 3, we will review the 
conventional theories of quantizing gauge theories, and show that these all lack 
electrostatic field and equivalent to each other. 

Conventions: 

In this paper, the vibration mode or polarization oc (0, k) is called "L mode" 
or "L polarization" , where "L" is for longitudinal. The reason why we don't 
call it "longitudinal polarization" is we want to avid confusion since sometimes 
people call cx (fco, k) or oc (|^|,fc) as "longitudinal polarization". 
The sign of metric g^u is 

(+,-,-,-)• 

Three vectors are 3d spatial component of contravariant vectors, like 

k" = {k°,k). 

Exception is that = (9°,— V), because V is defined as d/dx. We denote 
4-vectors by plain letters like x,p and their inner product without centered dot 
like e~'^^. A 3- vector will be signified by an arrow on it. Greek indices of the 4- 
vectors, e.g. /c^, k^, run from to 3. Roman indices run over spatial component, 
i.e. 1,2,3. Therefore k^x^ = fcoxo — hxi = — fc'x*. 

(jj denotes a infinitesimal fictitious mass of the gauge boson. H denotes 
Hamiltonian, whose content differs from a section to another, and Hq is its free 
part and V is its interaction part. Charge density is denoted by p = ejo- 

1 QED 

The Lagrangian for quantum electrodynamics (QED) is 

L = J £x{-\{F^.f + efA^], (1) 

where = d^Ai, — d^Afj^. This Lagrangian has gauge invariance. 

Canonical quantization is converting classical Lagrangian formalism into 
classical canonical (Hamiltonian) formalism and then replacing its Poisson brack- 
ets by commutation relations. However, QED cannot be converted into canoni- 
cal formalism, because it is a so-called "constrained system" , which is inevitable 
for a system with any gauge invariance. 
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1.1 Hamilton formalism of classical constrained systems 

Here we introduce canonical formalism for QED, which is a constrained system. 
We first define conjugate momentum for the field as 

(2) 



and then introduce the Hamiltonian 



H{A,tt} = J £x tt''{x)A^{x) - L, (3) 

and solve eq.(2) to write A^ as functions of and A^, and then we can write 
fl" as a function of A^ and tt'' only. 

In the case of the gauge theory, we cannot express in terms of tt'^ and 
A^, since ttq = 0. When we can't move some of the canonical variables indepen- 
dently, such limitations are called "constraints" and such a system is called "a 
constrained system". We will write ttq = in a generalized form (/)(7r^, A^) = 0, 
which shows us the generalized canonical formalism of constrained systems. 

By using eq.(2), variation of H is 

BT r)T 
5H = {5^^^^)A^+^,^^5A^--^5A^-—5A^ 

dA^ 

As is seen from this equation, H does not depend on Aq, which is general in the 
constrained systems, despite that eq.(3) cannot be solved to obtain Aq. This 
variation must be equal to direct variation 

dH ^ ^ dH 



5H = —Stt^' + -T^SAf,. (4) 



We must note that the variables {n^ and A^) cannot be varied freely, but they 
must obey 

which follows the constraint. Therefore, using Lagrange's undetermined multi- 
plier A, we have 

• _ d(f> _ dH 

dL dd) dH 
A- 



dA^ dA^ dAf, 



By using Euler-Lagrange equation of motion, we obtain 

X _ dH_ 



'dA^-^dA;- 
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Now, this Hamilton- Jacobi's equation of motion is modified because of the con- 
straint. We can incorporate this modification by modifying the Hamiltonian 
to 

H ^H + Xc/). 
Finally, the Hamiltonian may be written as 

/rl 1 ^ ^ ^ ^1 

d^x^-Tr'^ + -(V X A)'^ + AqV- fr - Aop+ Xtto + ej-A^. (6) 

We will denote charge density ejo by p sometimes. 
Then, we define the Poisson brackets. 

{A,ix),n-'{y)} = S;d'ix-y). (7) 

Wc must not use constraint (s) = in calculating Poisson brackets. They are 
defined assuming that all the variables are independent. 

Next, the constraint condition (p = must hold all over the time. Therefore 
(/) = 0, = 0, • • • must hold. These conditions are called "consistency condi- 
tions" . For here, we have 

= 7ro = {7ro,i?} = -(V-7f-p). (8) 

This is a new constraint. The constraint (j) = that was produced in going to 
canonical variables is called "primary constraint" , which can be plural, and the 
constraints produced from consistency condition like eq.(8) are called "secondary 
constraints" . Further, we must check if consistency conditions for secondary 
constraints hold, and have in our case 

^(V-TT-p) = eV-j-p, 

where we have used one of the equations of motion 7f=VxVxA-|-ej. This 
condition holds since we can expect d^j^ = for electric charge. Hence, we do 
not have a tertiary constraint. Dirac conjectured that the consistency conditions 
end at a finite step likewise. 

The undetermined multiplier A may be determined by a secondary constraint 
for some of the systems other than QED. In the systems with gauge symmetry, 
A won't be determined by the consistency conditions, and A will be arbitrarily 
depend on time t and space x. 

The Hamiltonian above, the Poisson brackets and the constraints will con- 
sistently describe the dynamics. 

1.2 Quantization of constrained systems 

To quantize a system with gauge symmetry, people usually carried out gauge 
fixing and eliminated a part of variables. Fixing gauge means adding as much 
conditions as necessary to fix the gauge freedom. 
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In this paper, we propose a way of quantization that does not fix the gauge. 
We will simply replace^ the Poisson brackets eq.(7) by 

where we took Schrodinger picture. A space is determined by this algebra, and 
a part of this space spanned by the states satisfying the following conditions 
will be defined as physical space. 

TTol*) = 0, 

(V-7r-p)|*) =0. (9) 

If the constraints are satisfied at a certain time, it will be satisfied all the 
time because the commutators between the Hamiltonian and the constraints 
will become linear combinations of the constraints owing to the consistency 
conditions. 

A comment should be made on imposing constraints. For example, let us 
suppose that we have ttqI*) = 0, then we will have (*[(7roj4o — Aottq)!*) = and 
it seems to be inconsistent with [Ao,7ro] = ifi. We can see that this is actually 
not a problem by considering an example in elementary quantum mechanics. 
Let us consider an ordinary free particle: 

H=p''/2, 

where 

[a;, p] = ih. 

In this theory, the vacuum state specified by 

p\0) = 

is simply accepted, and this state is obviously analogous to the constraint 
ttqI*) = 0. Then the wave function of this state is 

^j{x) = 1, (10) 

which is infinitely and fiatly extending, and observed value of x will be extending 
infinitely. Therefore (0|[p, a;]|0) = ih can hold as a product of zero and infinity. 

Strictly speaking, the state like eq.(lO) is illegal as a quantum state because 
it is not square integrable. But we have no problem as far as we don't forget 

^Actually, Dirac seems to have thought of requiring = for the first class constraint 
(p, not fixing the gauge(see p34, of [11]). If one pursues tliat direction, we sliould already have 
reached this paper's conclusion that there exists physical freedom of electrostatic field and the 
conventional method of taking only the transverse modes is not correct. It seems, however, 
that Dirac was not pursuing that direction. The author also could not find any other author 
who is pursuing. Please do not confuse this method of imposing constraints with well-known 
Gupta-Bleuler's method, since it has a fault. Problems with these conventional methods will 
be fully discussed in section 3. 
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that this is an approximation for a spatially extended state. ^ Another way to 
do with the problem is introducing a fictitious infinitesimally small mass w and 
letting 

Its ground state approximates the state of p = because 

X = {a + a^)/V2uj, 
p = —iy^uj/2{a — a'^), 

[a,a'^] = 1, 

and the ground state is defined by 

a|0) =0, 

and then we have 

p\0) = -?:V^(a - a^)|0) « 0. 

This approximation holds if the relevant time scale is smaller than u)~^. The 
state that corresponds to 'ilj{p) — 6 {p — k) may be further constructed as 

e*'=^|0). 

This state is approximately an eigenstate oi H = p^ /2 and will be kept un- 
changed if t <C This state is exactly an eigenstate when w ^ 0. 

We may think that ttqI*) = is fulfilled likewise. Then the wave function for 
Af) is extending uniformly from — oo to oo, which may be interpreted that all 
the gauge equivalent configuration is uniformly summed. (Uniform summation 
of gauges was an ideal of path integral, which could not be realized.) 

The above completes definition of quantization. The calculation in the fol- 
lowing subsections follows this definition. 



1.3 Free QED 

Here, we Fourier decompose the fields as 
d^p 



il){x) 



Ai{x) 



= / (o \3/2 \ X! — 7=exp(i^f)£i(fc,cr)a, 



.(fc) 



-|- exp{ik-x)ei{k, L)aL{k) + c.c. 

\/2lu 



(11) 



^This understanding does not hold if the constraint is second class (see section 3). The 
constraints here are first class. 
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— p exp{ik-x)ei{k, L)aL{k) — c.c. 
V2 



where 



£{k, cr) • i?(fc, a') = 6aa', 

eo{k,a) 0, 
e{k,L) = k/\kl 

and (7 takes one of +, — , or L. From [A^, tTj] — ihSij, we have 

[a^{k),al{k)]=S„^,S\k-k'). 

Later, the vibration mode created by a^, a[_ 
mode since it is transverse to k, and the mode created by wiU be caUed L 
mode or fc-proportional mode. 

The Hamihonian for the free field is obtained by letting e = into eq.(6). 
Further, the Ao(V- tt — p) term in H does not have any effect, since every 
physical state should satisfy the constraint (V- tt — p)!*) = 0. (Since ttq = 0, 
the value of Aq is uniformly and infinitely distributed. We don't, however, have 
any problem with this non-zero Aq owing to this constraint.) Then we have a 
free Hamiltonian 

Ho = Jdmn^+^-iVxAr + i,:'!- 
<y=+,- 

where we have added a fictitious small mass w. 
We define the vacuum |0) for Hq by 

TTolO) = 0, 

a+|0)=0, , . 

a_|0)=0, ^^"^^ 
ai|0) = 0. 

The third condition ai,|0) = 0, which is easier for some of calculation, is an 
approximation for 

W-7r\0)<x{a{ip)-aL{p}m = 0, (Vp). 

This approximation is justified because the difference between the ground state 
a 1 0) = of a harmonic oscillator with a very small frequency lo and the state of 
zero canonical momentum [tt = 0) is very small, as mentioned in the previous 
subsection. Further, the Attq term in H does not have any effect owing to the 
constraint 7ro|0) =0. 
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1.4 Electrostatic field — an overlooked physical degree 
of freedom in quantum theory 

Let us consider the quantum state of electrostatic field for a system with a 
classical and localized charge distribution p{x). Or we may think that we are 

observing an electron from distant enough point. 

Now, the k proportional part of E should satisfy the constraint {ik-E{k) + 
p{k))\*) = 0. Such a state may be constructed as 

|V)=exp{5^p(fc)^}|0). (13) 

k ^ 

This holds exactly, but it becomes an approximation if the fictitious mass w ^ 
and it holds only when t ^ 1/uj. (In the limit of u; — > 0, the probability of 
appearance of L mode photon get very largo and infinitely many number of them 
will appear. It naturally occurs when a continuous observable is mimicked by 
a harmonic oscillator.) Please note that this state is already normalized. That 
is because commuting that exponential of (a^ + ol) in cq.(13) to have only 
normal ordered terms gives a normalization factor like exp(— p^/w). This state 
is already normalized even though higher order multiparticle states have larger 
factor in the expansion. This is because commuting the terms in the formula 
(13) so as to have only normal ordered terms gives overall factor exp(— p^/w), 
which is appropriate for normalization. 

In this formalism, the electrostatic field E(x) = tt (.t) is plainly a local oper- 
ator and a observable^. We note that the k proportional part of electric field E 
takes an continuous value even after quantization as well as p in if = 

Let us suppose that an observation was made on this state. We multiply the 
operator E = if to state \ip). We have 

^exp(-ifc-f)|ip(fc)^||V'), 

k ^ 

using the commutation relation [Ai,7rj] = —ihSij. We sec that is an cigen- 
state of E and that the strength \E\ is proportional to the inverse square of the 
distance from a far enough charge. 

Contrarily, in the conventional quantum theory of gauge field, a classical 
state with an electric field is not a state in the quantum sense, and electric field 
E{x) is not a quantum observable nor a local operator. For instance, let us take 
Coulomb gauge V • A — 0, where k proportional part of A is removed. Then 

using the constraint (8), we have V-tt = V ■ {—A — VAq) = — V^^o = P- Solving 
this, we obtain 

J 47r|r — r I 

^Contrarily, in Conventional quantum field theory (QFT), the electrostatic field was not 
presented as an observable. In addition, conventional QFT lacked the notion of observable 
even if not completely but mostly and is only good at scattering calculation. 
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Substituting this to Aq dependent part of the Hamiltonian: (VAo)^/2 + (V- tt — 
p)Ao, we obtain 



iJcouiomb = ^ [ (fx [ (fx'p{x)p{x') }_ (14) 




This part of H gives the effect of electrostatic field, but now the classical state 
variable of electrostatic field is lost, and electrostatic force is now a superluminal 
infinite distant force between the electrons. The conventional Coulomb gauge 
prescription is quantizing this classical Hamiltonian from which the electrostatic 
field is removed. Then the electrostatic field is not an operator and does not have 
corresponding quantum state. Since other well-known gauge prescriptions are 
the same in that they leave only transverse mode, they have the same problem 
of not having electrostatic field. 

1.5 Gauge Transformation 

In classical mechanics, the time variation of Aq depends on \ as Aq = A, which 
is a part of the canonical equations of motion (5). Further, A depends on A 

through Aq m. A = —n — VAq, which is one of equations of motion too. If one 

change A by AA = 6, the change of Aq is A^o = and A^ = -VAAq. Then, 

we have A^^ = dfj,9, which is the familiar gauge transformation. 

In the Schrodinger picture of quantum theory, we can't apply any time vary- 
ing gauge transformation since the operators do not vary in time. A gauge 
transformation by time independent 9{x) can be performed by applying a gen- 
erator / (Px 9{x)(j){x), {(j) = 'V- n — p) and we get 



We don't have transformation for Aq here, but we don't have problem because 
we don't need Aq in constructing and time-developing physical states as we will 
see later. This transformation does not change physical state since = 0, 
and it won't change any observed value of physical observable that is gauge 
independent. 

1.6 The initial and the final states 

Now we would like to start discussing interaction. For that purpose, we must, in 
advance, clarify what is the "states" , which appear before and after interaction. 
We must know what "a particle" is in field theory, because the main actor in 
scattering and the other physical processes is the "particles" . In the conventional 
quantum field theory, answering this question and describing quantum states of 
a particle was vaguely evaded. Instead, people used LSZ's reduction formula. 

The advantage in departing from LSZ formalism is that finite time transient 
phenomena can be now predicted by this formalism, which contrasts to that 



SA 

5ip 



[<j>6, A] = ve 
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only the scattering processes between the infinite past and the infinite future 
may be calculated in LSZ formalism. 

We will begin by perturbatively constructing the vacuum state, 1-particle 
states, and multiparticle states in order. 



1.6.1 The Vacuum 

We defined the vacuum as the lowest energy eigenstate of H satisfying the 
constraints (9). Perturbatively, the solution is 

|0) - jj^V\Q) + o^^io) + • • • , 

where |0) is the free field vacuum defined by cqs.(12), and interaction part in 
H is V = e J d?x j- A since we may ignore the constraint-proportional part of 
the Hamiltonian (6). (The counterterms for energy renormalization in the 2nd 
or higher orders are not shown.) This expression may as well be written as 

g-ioo(i?-ie)|Q^_ 

1.6.2 One-Particle States 

An one-particle state may be treated as an eigenstate in the same way as in 
ordinary quantum mechanics. Perturbatively, the eigenstate is 

^ I .v ^^IlO) + ---- (15) 



Ho-E-ie Ho- E-ie 

This 1-particle state may be also written as e^*°°'^^~*^-'6j,|0). 

This eigenstate thus made satisfies the constraint {V ■ tt — p)\*) =0. Let us 
prove it up to the first order for example. The following two term will appear 
by applying (V- tt — p) to the perturbative state (15). One is 

,tin\ u1 ^^P'^ ^(^ln\ 



The other is 



-eV-TTfe X bl, ^f— A-j^ O), 



where Ep = + tm? . The latter term cancels the former term by com- 
muting V- TTfe onto right and using V- 7ffe|0) =0 and kiu{p')jiu{p) = {Ep, — 
Ep)u{p')^ou{p). This constraint ensures that electrostatic field exists. The other 
constraint ttq holds trivially since eq.(15) does not have Aq in it. 
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Then let us check if there actually exists the electrostatic field in the first 
order. By explicitly writing the term in eq.(15), we have 



— [ d^x ei)'yiAi^{x) bho). 

-LO - tjp J 



Ep-k +U1 — E.^ 

Here we will take = e{k, L) ■ A part of Ai and will use u{p ~ k)ki-fiu{p) = 
{Ep - Ep_k)u{p - k)jou{p) to cancel 1/ {Ep^k +u; - E). 

= E^/='(-^)(=^(^'^)-^(^))^»- (16) 

k 1^1 

This formula agrees with the first order of the state (13), where the electric 
charge density p here is — e^7oV'- 

The 1-photon state may as well be written as 

at(fc)|0)- ^^_^^_./ at(fc)|0) 

where a must be +, or — , i.e. only transverse modes. That is because L mode 
does not propagate the space by itself. Charge p{k) must exist for the L mode 
photon to exist. 

1.6.3 Multiparticle States 

We will obtain the multiparticle states here, which is necessary because the 
initial and the final states are multiparticle states in scattering. Multiparticle 
states may be constructed by placing localized particles that are separated spa- 
tially. At first, a localized 1-particlc wave packet with its wavefunction ip{k) 
may be constructed by superposing states of different momentum. 

\<p) = Y.^ik)b\k)\0), 

k 

where (1 — {Hq — E)~^V + ■ ■ ■)bl. was ordered so as to have only normal ordered 
terms using the commutation relations, and then the part that does not include 
annihilation operators ak,bk is defined as b^k). Then we may construct a 2- 
particle state 

fcl ,fc2 

with separated and spatially non-overlapping wave packets. Any scattering 
amplitude may be obtained evolving this state in time. 
Then we will mainly discuss in the plane wave states: 

\ki,k2) = bHhp 02)10) 

since it is easier to calculate. Interaction between the particles before t = may 
be neglected if the space is infinitely large. 
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1.7 Scattering 



Here let us calculate probability of Compton scattering for example. The initial 
state is a state with one electron and one photon \p; k). After a long time T, we 
may obtain the amplitude by decomposing 

into multiparticle states |fci, fe, • ■ ■)• In other words, we should calculate 

{kuk2,---\e-'"^\p\k)=M', (17) 

where |fci,fc2,-'') is a multiparticle state defined in the previous subsection. 
People sometimes call such transition amplitude "S-matrix" regarding this to 
be a matrix. 

Then we calculate 

e-'"^\p.k) 

= \l + --- + {-if j\t2 j dtie-'««(^-*=Ve-^^°(*=-*iVe-^^°*^}|p,fc) 

up to the second order in e. Here we don't need the constraint-proportional 
part in H such as Ao(V- 7? — p). This is because (V- tt — /7)|phys) = at the 
initial time since we use the initial states constructed in the previous subsection 
so as to fulfill the constraints. Then the constraints hold all the time because 
H and constraints commute owing to the consistency conditions. Therefore 
the constraint-proportional part in H does not have any effect in calculating 
infinitesimal time evolution. (We may comment that the calculation proceeds 
only with gauge independent states in our formalism.) Then we are left with 
only the term 

V = e j d^x j-A 

as the interaction vertex. 

The 1-clcctron state in the initial state includes virtual photons perturba- 
tively. This is different from conventional field theory. After short time evo- 
lution, i.e. in a transient phenomena, this virtual photon may be observed in 
the final state. On the other hand, when time T is large enough, scattering 
probability is proportional to T. Then we may ignore the effect of this virtual 
photon because its effect is only constant in T. Then in T — > oo, we finally have 
the same result as the conventional perturbation, in which the initial and final 
states are free fields. Therefore we have 

M' « {Q\hp,aa,{k'){-iefe-'"°'^j d'^x i;iAj-^tPi{x) 

x[ d^yM-1My)bWAkm, (18) 

•'xo>yo 
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where / stands for interaction picture, for example Ajj(t) = e*^"Mje~*^''*. The 
^-iHqT fa^c^or in this expression may be ignored since it merely gives a phase 
factor. 

For cq.(18), there is two ways of how to contract bpi , 6^ and the two vertices. 
Using time ordered product, this two terms may be written into one formula; 

/ u{p',s'){Q\a„f{k'){-iefT I d'^x 6+''^"""' exp{-ip'-x)Ai-ji)j{x) 
2^EpiEp J 

X / d'^y ^i{y)Arie-^'^'^y'> ex^{ip-y)al{k)\0)u{p,s), 



where T signifies time-ordered product. Note that restriction xq > yo in the 
integration is removed now and xq and yo run from — oo to — oo. Considering 
two possible contraction of the photons, it equals to 

^ ^ d^X f rf4y g+iB^,xo-iSp!/Oe-ipS+W 



4-^ EpiEpLOk'i^k 

x{ejik', a')e^{k, cr)e+*'^'='^«-*'^''^«e-'^'*+'^ 

x{-iefu{p',s'm^jTMxW{yH\G)u{p,s), (19) 

where 

{Q\TMxW{ym = Sf{x - y) 

is called "Feynman propagator" for electron, and ujk = Vfc^ + iov a ^ L and 

OJfc = for a = L. 

By changing the integration variables as j/ ^ y + x, 

1 / / ^iy g-i{Ep-Ej,,)xo-iEpyog-i{p'-p)-x+ipy 

A^JEpiEpUJk'OJk J J 

x{ej{k',a')si{k, c^)e-'(-'^'='+'^'«)^o-''^'=2"'e-'(^'-^^-^+^^ 

x{-iefu{p', s')^jSF{-yhMp, s). 

By integrating .x^, we get the factor (27r)^^^(p' + k' — p — k), and y^ may be 
integrated separately to get 

{-ief . ^ {2TTf6^{p' + k'-p-k) 

Ep' EpUJk"^k 

xn(p'0{7. ^^^' _^ 7/. + 7/. ^_ _^ l.}u{p)el{k',a')e^{k,a)i2Q) 
where q = p— k^ Note that we used a little trick here, which was commonly 



^The textbooks to date derived the same expression applying LSZ reduction formuIa[l] 
to the n-point Green function, and the asymptotic condition (or adiabatic hypothesis) was 
required in the derivation of the reduction formula. We don't need that hypothesis. Prom our 
viewpoint, their hypothesis about the asymptotic states was needed because we did not know 
what the initial and the final states are. 
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used in the textbooks. Wc should have paid more attention to that change of 
integration variable, but we were cheated because the integration ranged from 
— oo to oo. Actually, the two integration cannot be preformed independently 
since the upper bound of y' integration was y' + x < T . We needed a correction 
when xq is close to final time. This correction, however, is small compared 
to very large T as well as that correction from perturbative correction for the 
initial state, which was ignored. This approximation can be also mentioned as 
"taking the leading term in the limit of T ^ 0" . 

The scattering amplitude obtained above have no L mode excitation in the 
final state. (Please note that the approximation taken above is intentionally 
introduced so as to reproduce the conventional result for the purpose of com- 
parison.) 



where we have used po = Ep,ko = Wfc,fcQ = w, and fj, ^ 0. Here the zeroth 
components of k^^k^, etc. are |fc| for T polarization but lo for L polarization. 
Further, we have used (i?p7o — Pi7i — m)u{p) = and so on. Then the amplitude 
A^' ^ as w ^ 0. 

Wc will have L mode excitations, if we don't take the above approximation 
on the other hand, and it will produce the electrostatic field around the final 
state particle. When the final state photon is L-polarized, we rewrite eq.(19) 
now paying attention to the range of the integration as 



where the intermediate positron was ignored because it is irrelevant in low en- 
ergy. Performing the time integration, it equals to 





X£i{k, (j)u{p,s)e-'^^''+'^''^y° 




1 



u{p',s')ej{k',L) 



+ 0J- E 




xsi{k,a)u{p,s) 
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where E = Ep + Wfc. Using £i{k,L) = ki/\k\, ^iPiu{p) = (70P0 - rn)u{p), etc., 

we obtain 

This is a transition matrix element. The state that will give this matrix element 
is 

k 

where 

IV-m) = ^^^^^ ^6^^fc_^JO) ^^^^^_^ lZ(p + fc,Si)7»£i(fc,a)M(p,5), 

and we may replace p using p{x) = —e'ip{x)jotp{x) in the first equation. Thus 
this L mode is a part of the 1-electron state at the final time. This L mode 
part agrees with the electrostatic part of the first order 1-elcctron state eq.(16). 
Such a contribution in that the pole of the electron propagator is cancelled 
means that the state is concentrated at t = T in terms of the / dxo integral. In 
this four-point case, this final state is the one for the process e + 7 e, and then 
this process will not occur because of conservation of energy and momentum. 
This contribution is actually physical in 5-point case or more. 

Other physical processes such as e+e~ pair annihilation may be computed 
in the same way. 

1.8 Feynman rules 

The calculation in the previous subsection may be generalized to the higher 
order using Wick's theorem. Resulting enumeration rule of the contraction is 
called "Feynman rules" . Let us write down it here. 
Using the expansion formula (11), here we obtain 

{0\TAu{x)ATj{y)\0) = Aij{x - y) 
f (Pp r 1 

+ ^^^ exp(+ia;(a;o - yo) - ip- {x - y))6{xo - yo) + (cc.) x e{yo - xo) 
which is possible for L mode owing to the fictitious mass u), and where 



<T=± 

foi(p) = Pio(p) = Poo(p) = 0. 
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Then we have 



A..(x - y) = / ,f ' , ' . 1^., - ^-^f^|e^.(-.) (22) 

where right-hand side is regarded to be zero if /U = or = 0. This is the 
propagator for photons. 

Now the Feynman rules reads: 

for photon propagator, (Su 5 — |; 

q'^ + ie\ — LO'^ + it) 

for electron propagator, — ^ —\ 

p — m + ie 

for vertex, {—ie)-f^; 
for a electron loop, —1; 

and the factor for the external lines can be read from the result of the previous 
subsection. 

Further, it is useful to rewrite the terms in the braces in eq.(22) as 

and wc may ignore fc^-proportional part of the propagator, because the source 
term for obeys d/j^j'^ = owing to Ward-Takahashi identity [2]. Then, we 
have 



-iAf„,{x -y) = j 



which is equivalent to Feynman gauge propagator in the case of Abelian gauge 
theory. 



1.9 Calculation of electrostatic energy 

In this subsection, we calculate Coulomb energy, or Coulomb force, between two 
electrons using perturbation. Let us suppose that \E) is a state that consists 
of two fermions and approximately have energy E. The following approximate 
expression suffices because we are content with the leading contribution here. 

\E) = J2 Wi)^MiP2-RmP2) blbl\0), 

Pl>P2 

where E = Ep^ + Ep^ and -ijj is a wave function, which represents a wave packet 
of an electron. We suppose that the dimension of the wave packet L is much 
smaller than the separation |.R| between the fermions. 

According to the standard procedure of perturbation, energy shift of the 2nd 
order is 
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Since the L mode corresponds to the electrostatic field, here we take only that 
part in V. 



V = e ( d^pd^k{a\{k)+aL{k))-^ 
J V 2 

t u{p- k) h , u{p) 



Therefore, 

_ u(p2 + k)kijiu{p2) 1 



u{pi - k)ki-fiu{pi) 

Here we have 

as the energy of final and initial state is the same, and 

u{pi - k)kaiu{pi) = {Ep^-k - Ep^)u{pi - k)jou{pi). 

Using this, 

2u{p2 + k)ki^iu{p2) 1 u{pi - k)ki'yiu{pi) 



E2=e^ 



2-\/ Ep^Ep^j^k fc2 2-^/Ep^Ep^_k 



as a; — > 0. When fc^ is small enough, the expression above will be a 1/fc^, and 
we obtain 



E2 oc 

c2 



J d^pi d^p2 j d^k i>*{p2 + k)tp*{pi - k)eM-ik-R)^{p2)i'{Pi) 



47r\R\ 

which is the classical Coulomb force. 



1.10 Summary 

In this section, wc saw that the advantage of our formalism over the conven- 
tional one is that any configuration of electrostatic field may be understood as a 
quantum state and be written down. Further, the state of gauge field theory at 
any time may be written down and its time evolution may be described. Owing 
to this, 1-electron states may be written down, and scattering amplitude can be 
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calculated without LSZ reduction formula, which needs an unjustified hypoth- 
esis called "asymptotic condition". Accordingly, calculating transient process 
is possible since time interval does not have to be infinite, which was required 
in LSZ formula. Further, because we can write down the states now, we can 
expect applying field theories to bound system, equilibrium system, and so on, 
at which the conventional field theory was not good. 

2 non-Abelian gauge theory 

The Lagrangian density for non-Abelian {SU{N)) gauge theories is 

= l{-ia-^A-o+9fabcA'A-of (23) 

_i(V X > - ^gfabcA" X A^f + gA^r, 

where a, b, c are indices of adjoint representation of the non-Abelian group, and 

F;, = d^A, - d,A^ + gfabcA^Al, 

and Dp is a covariant derivative: = d^ — igAfj^. We are assuming fermions 
for the source term A°',j^°'. 

The canonical variables are defined as 

dL 



Then we have 

^« = JA-WAo + gfabcA'Al, 

TTO = 0, 

and using this, we move to canonical formalism and obtain the Hamiltonian: 
H = \{^''f + \{V X > - \gfabo^ X A'^f+f ■ A- 

+AS(5./-p«) + AX, (24) 
where p = gjo- Quantization is defined as requiring commutation relation 

[Alix),Tr''\y)]=thd;d-'d^x-y) 
and imposing constraints 

^^Iphys) = 0, 
• tt" - p»)|phys) = 0, (25) 
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which is not different from the AbeHan case. This is the nonperturbative defi- 
nition of quantization. 

The vacuum |0) is defined by 

<|0)=0, 
(V-7r»-p'^)|0)=0, 
o+|0) =0, 
a-|0) = 0. 

for free field (g = 0). The quantum state space is spanned by Unear combinations 
of arbitrary product of creation operators and multiplied onto |0). The 
physical space is a part of this quantum space that fulfills eqs.(25). This space 
evidently has positive norm, which contrasts with the conventional quantization. 
When we have interaction, the vacuum can be perturbatively obtained by 

As was in section 1, we can confirm that (f)°'\u)) = holds in the first order, 
where (f)"- = D ■ tt"- — p". 

Here in performing perturbation, Hq is 

and since H ^ Hq + V, 

V = Jd'x ^^-lgf,,,{V X 1«) • {A' X + ^{gfabcA' X 1^)2 1 , (26) 

where +Aq{D ■ tt" — p°) term in V was ignored because this term does not have 
any effect as far as the constraints (25) hold. The constraint will further hold 
at any time because H and the constraint commute owing to the consistency 
conditions. 

Let us find the 1-particle state to use in the perturbative calculation in the 
next subsection, even though this state won't exist in a straightforward way 
thinking of confinement. The perturbative 1-particle state is 

4im- rr \ . vaUm + ---, (27) 

riQ — -C/ — ie 

where T in ax stands for transverse polarization and its polarization vector will 
be designated by et- Its first-order part may be checked to fulfill the constraint. 
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2.1 Scattering 



Pcrturbativc calculations of a scattering process will be discussed in this sub- 
section. Discussion of perturbation makes sense despite that perturbative states 
will not physically exist in a straightforward way because of confinement. The 
first reason is that it is empirically known that gluon jet production at high 
energy agrees with QCD perturbation. The second reason is that perturbative 
non-Abelian theory presented the problem of unitarity and lead to conventional 
formalism [3] of quantization of non-Abelian theory. We must at least check that 
the unitarity problem is solved in our formalism. 

Let us consider the process in that a lepton and an anti-lepton collide to 
produce two gauge bosons. Each of the bosons will be experimentally observed 
as a jet. The initial two particle state 

\Pl,P2) 

may be considered to be simply a product of 1-particlc states since the infinitely 
dilute plane wave states have little interaction. Here, we are going to calculate 
the lowest order contribution in g, which is the 2nd order, then we don't need 
to take the perturbative modification from the free 1-particle state 6j|0). Then 

wc may calculate 

= {! + ••• + {-if £ dt2j^' dhe-'"^^-'-^Ve-'"^*'-''^Ve-'"''}blbl\0). 

The scattering amplitude may be obtained, in a manner similar to the QED 
scattering calculation, as 

^ {2i,f5\k2 + k,-p,-p2)-j=^=T,i (28) 

4v-^Pi-^P2'^fei'^fei 

by taking the leading contribution in the limit of the time interval T getting 
large, where 

- fabcVijiAik{k3)v{p2)'yk-^u{pi). (29) 

Here ki^ + k2n + fcs^ = and 

Viji{ki, k2, kz) = Qijiki - k2)i + gji{k2 - kz)i + guika - ki)j. 

corresponds to eq.(26), which only have spatial components. 

In this approximation, the L mode states won't appear in the final state. 
L mode in this paper means the vibration mode (polarization) in which A is 
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proportional to k. The probability of appearance of one L-mode excitation is 
square of absolute value of the amplitude M' , and we calculate the following 
value to obtain it: 

In translating from eq.(29) to this, we have used conservation of energy pio — 
kio = —p20 + ^20 7 ^20 = and the zeroth component of the external momenta 
such as fcio , fc2o is + Lu'^ = ojk for transverse mode and ut for L mode. We 
have also used that {k^Sij — kikj)ej{k,a) = {k^ — oj'^)ei{k,a), {a = L,+,—) 
for external line, and {k'^6ij — kikj)Ajk = {k^ — u}'^)Ajk holds for the photon 
propagator: 

= fc2_^2 + ig{^^^- - fc2 _ ^2 + ; • 

Finally using fc^g — ^io = '^(^lo + ^so)) the amplitude becomes zero as 

liniT.,£4^=0. (30) 

Thus the probability of appearance of L mode state is zero. 

On the other hand, if we don't take the approximation above, the L mode 
excitations actually appear and the electrostatic field of the final state particle 
consists of this excitation. Here we consider the case when one of the two resul- 
tant gluons is L polarized. By making similar discussion as in QED (subsection 
1.7), the final state \tp{) with one L mode excitation is 

IV'f) = E^'^0(-fc2)(r(fc2,i)-A«(fc2))|Vm), (31) 

IV'm) = Y.''tin+P2m{0K{Pi+P2) r dyoe+'''y'>ve-'"y'>bldl\o), 

where J;j = fabcA^^F^^. This final state IV'f) agrees with the first order pertur- 
bative term in the 1-particle state (27), i.e. this is a part of the 1-gluon state 
at the final time. In this four-point case, this final state is that for the process 
q + q ^ g, which will only occur as an intermediate virtual state because of 
conservation of energy and momentum. 



2.2 Unitarity 

In our formalism, unitarity trivially holds for time evolution exp(— iiJi) because 
there is no negative norm states. This contrasts with that it is a little bit 
complicated to show unitarity in currently prevailing BRST formalism. Let us 
check it by an actual exemplar calculation. 



21 



The first non-trivial matrix element from the unitarity requirement is 

2Im(-i)(0|6p,6^,e-'^^6t^6tjo) = IJ ^J2\{0Kih)a.<k2)e-'"^bldl\0)\ 

and its lowest order is g** in the left-hand side and square of in the right-hand 
side. This (/** contribution in the left-hand side corresponds to 1-loop diagrams, 
and the right-hand side is 4-point scattering seen in the previous subsection. 

Historically, it was considered that the states of gauge field theories consist 
of transversely polarized particles only, then the polarization sum in the right- 
hand side ran only over the transverse polarizations. Then the right-hand side 
is 



color;(T,(T'=± 

\2 



x(2^(5K, +c^fe, -£:))^ (32) 



where T^^l, is a expression obtained by replacing the 3-component indices «, j with 
4-component indices /x, v in eq.(29), and E = Ep^ + Ep^. On the left-hand side, 
Feynman-gauge propagator was tried as the propagator of the virtual vector 
bosons for no reason since the correct way of quantization of non-Abelian gauge 
theory was not known at that time. Therefore the left-hand side was considered 
to be 

^T^iT J j^^^TabnvT*^^,^,-j^-^. (33) 
Performing fcio integration and taking imaginary part, we get 

which does not agree with cq.(32). This is the problem of unitarity, and lead to 
invention of the ghost particle by Feynman. 

Contrarily, the polarization sum in eq.(32) runs over a, a' = +, — , i in our 
quantization, and the left-hand side becomes 

Im(-zT) j ^T,,^,T:,,^,A^' {k,)^"' {k^). (34) 

Then, recalling that 

= E -^SiiM,a)e*{k,a) -\- -j-2^—^ei{k,L)s*(k,L), 

we integrate kiQ and take imaginary part to get 



l^l^ ^ T,,£,(fci,C7)£,(fc2,a')I^V4(fcl,'^)4(^2,^') 

color;o',(T'— ±,L 



-2Tr5{uiki,a +i^k2,a' - E), (35) 
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where C0k,± — Vk'^ + t^^, ujkx = t^- Now the right-hand side and the left-hand 
side agree taking 27r(5(0) = dt = T into account. 

2.3 Loop calculation and Lorenz invariance 

Here we show an example of actual 1-loop calculations to exhibit easier way of 
calculation and how we can make it Lorenz invariant form. We take the approx- 
imation of taking leading contribution as T goes large also in this subsection. 
We first consider the amputated 1-loop 2-poiiit graph of figure. 1. 

^^ = \J /ac6l^W-(-fcl.fc>-fe)AcaK'a^'(fc2,-fc,fcl)A'"''(A;i)A'^'''(fc2) 

(36) 

Here, the Roman indices etc., which runs only spatial components, are 
replaced by Greek indices such as /x, for the purpose of making covariance 
structure manifest. Now V is extended as 

V^^\{ki,k2,k3) =gnv{ki - k2)\ + gu\{k2 - k3)^ + gxi^{k3 - ki)^. 

However, n-point Green functions won't be changed because the extended prop- 
agator will be defined as 

A°°{k) = A^^Cfc) = A°''(fc) = 0. 

Further, if any of the external indices p, a equal to zero, it may be ignored 

because the external indiceses of cq.(36) is supposed be connected to A^p/. 
Here each propagator Ap,y(fc) in the loop will be decomposed as 

ik Afi,^{k) = 6ij kikj/k^ = g^i, + {k/j^Tji, + ?7^A:j/)/fco ^/t^i//^0' (3'^) 

where 77^ = (1, 0, 0, 0). Then we use 

Vij,t,x{k-i,k2, fc3)fci^ = {klg^x - k2uk2x) - {k^g^x - ka^ksx)- (38) 

The {k?^gup — ksuksp) proportional term in this equation, which acts to the 
external line, will be discussed later and may be ignored in this paragraph. We 
may ignore V^upki^k2v here since {k^gi^p — feyfep) times k2n is zero. Then we 
have 

^2 = J ^^Vf,^pV^>^>a^^g'''''g'"'' + {-kii,ri^> -T]^ki^>)-^ + kif,kif,^^ 

+(fci.V)(Wr?.)^}-^, 

where we have abbreviated the momenta in F's, and used the symmetry between 
the two internal boson lines. Next using (38), 
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+{klgpi- - k2pk2v){klg„y - feo-W)^/^^^' t^- 

'''10 

+{kiij,Vp-'){klgpi. - k2pk2u){k2u''nu){klg„u - Anafci^')^-^— |^^. 

The terms containing rjp for external indices p, a may be ignored, and here we 
may discard the terms proportional to k/^ or k"^ in the numerator since their 
results of integration are local terms, which can be removed by renormalization. 
Then we have 



f d^ki fl 
J (2^12 



J rCi /Co 



This expression is now Lorenz invariant and the effective action will be kept 

Lorenz invariant. The second term agrees with the conventional Faddeev- Popov 
ghost contribution. We may perform renormalization as usual for such effective 
actions. Wave function renormalization is 

Za = 1 + (40) 

Consequently, the 2-point function in the Feynman diagram will effectively be- 
have 

where fx is the energy scale characteristic to non-Abelian gauge theory. 

The terms that were ignored in the previous paragraph do not give any 
physical effect to n-point Green function. They have the form of [k'^g^p — k,^kp) 
acting onto the external lines. Let us consider the amplitude eq.(34) in the 
previous subsection for example because cancellation is easier to see in actual 
physical process. Here, is also extcinded to have 4-componcnt indices as 
T^y. The 2-point loop in the previous paragraph is included in this 1-loop 
amplitude(34). We have terms like T^y/cf if we useeq.(37) to decompose A^,y(fc), 
and it becomes 



+fabc{guj - ni^k^j I kzo)v{p2)l\-^u{pi) (41) 



-fabc{klgvi - k2uk2i)Aij{k3)v{p2)^j-^u{pi). 

The last term in the right-hand side corresponds to the contributions that was 
dealt with in the previous paragraph. The first term cancels with the g,^j 
part in the second term using [Ta/2,Tb/2] = ifabcTc/2. The remaining part 
k3\v{p2)'y\{Tc/2)u{pi) is cancelled owing to the equations of motion for the 
fermions (^ — m)u{p) = 0. If this kx proportional part acted on a external line. 



24 



it would become zero sinec it is orthogonal to e±,eL- In summary, the terms in 
that {k^gvp — kj^kp) acts onto a tree subdiagram will be cancelled by repeating 
the same procedure. 

The results above arc Lorcnz invariant. If we had quantized in a different 
Lorenz-boosted frame, we would simply have obtained the same formula but 
with boosted = (1, 0, 0, 0). Physical results won't depend on the choice of the 
frame because the formula won't depend on 77 as was seen in this subsection. 

Let us next consider a 1-loop 3-point function shown in figure 2. 



(£ki_ 
(2^ 



fdceV^-^v' [kl, q3, -k2)feafVva\' (^2, qi, -A;3)//6dVx/3^' (fcs, q2, -ki) 

xA^'^''{kl)A•"''{k2)A^^'{k3) 



Using cq.(38) similarly to the derivation of eq.(39), ignoring the term with 
k'^flfiu — kf^ki, onto some external line, and considering about the cancellation 
with 1-loop diagram fig. (2b) with 4-point vertex, we obtain 

- ki^k2ak3fi - kii3k2jk3a}-j^^-j^- 

The first term agrees with the conventional result of vector field in the Feynman 
gauge, and the second term agrees with 1-loop contribution of the Faddecv 
Popov ghost. The reason why these are the same may be understood by the 
discussion of gauge independence of FP determinant (subsection 3.4), but please 
remember that this is true under an approximation. 



3 Criticisms on conventional quantization meth- 
ods 

In this section, we argue that all the conventional and common prescriptions of 
quantizing gauge field equally suffer from that the physical degrees of electro- 
static field was eliminated. This is because all the conventional prescriptions 
eliminated L mode, of which electrostatic field consists, as was seen in section 
1 and 2. We are going to explain what was wrong with each of conventional 
prescriptions in this section. 

The widely used and acknowledged prescriptions are mainly: 

• gauge fixing by elimination (Coulomb gauge, axial gauge, etc.), 

• Dirac's prescription, 

• Gupta-Bleuler formalism, 

• Feynman's argument (= belief of transversality) — FP determinant — 
BRST formalism, 
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• gauge fixing by adding constraints. 

In this section, we will show that these are equivalent to each other except for 
that Gupta-Bleuler could not be used for non-Abelian theory. It will be also 
shown that non-transverse polarization, i.e. L mode, is eliminated in all of them. 
This section is for criticizing each of prescriptions concisely and we don't intend 
it as an introduction of the conventional methods. 

3.1 Gauge fixing by Elimination 

The gauge fixing by elimination is an older prescription, in which gauge-fixing 

conditions is added in classical level to eliminate impeding variables in moving 
to the canonical formalism. Then we may move to canonical formalism and 
quantize. 

In this prescription, we begin with the Lagrangian (e.g. oq.(l)) and variate 

^0 to obtain one of the Euler-Lagrange equations V ■ {—A — VAq) = p. We may 
also derive this condition as an intermediate step eq.(8) in moving to canonical 
formalism. 

Then we add gauge-fixing conditions next. For QED example, a popular 
choice is the Coulomb gauge condition V ■ A = 0. Now we don't have the 
freedom of gauge transformation. We now have a condition —V • VAq = p 
together with the other condition. Only transverse vibration modes will be left 
if we eliminate Aq from the Hamiltonian using this condition. For the case of 
QED, the Hamiltonian is 

-^0, trans + -ff Coulomb, 

where iJo, trans is a free Hamiltonian consisting of transverse modes only, -ffcouiomb 
is the Coulomb energy shown in eq.(14), which is a bilocal function of the elec- 
tron field ijj{x), i.e. electrostatic force is not the force from local field but now it 
is superluminal force with infinite reach. It is possible to apply this prescription 
to non-Abelian theory in principle, but rarely applied because elimination using 
nonlinear relationships is cumbersome. 

In this method above, elimination was carried out before completely moving 
to canonical formalism. This may be said to be an elimination at Lagrangian 
stage, and two variables are eliminated in configuration space. Aq and Acl = Al 
component, which were eliminated, won't become dynamical variables in the 
canonical formalism. Elimination of two variables in the configuration space is 
elimination of 4 variables (freedoms) in the phase space. 

Here, let us fabricate an intermediate method between ours and the above 
method to see what is happening in the above method of elimination. We 
begin with eliminating Aq from the Lagrangian using Aq = 0, and we only 
impose (V-E — p)\*) = onto every physical states instead of ehminating A/, by 
V-E = p. Then we will have the same result as our theory. That is, we obtain 
the same Hamiltonian as ours cq.(6) except for ^o(V-7r — p) term. We remember 
that this term may be ignored due to the condition (V-E — p)\*) =0. Now we 
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sec that using \7-E — p to eliminate is different from imposing V-i? = p onto the 
physical states. This difference can be understood as follows: eliminating one 
variable before completely moving to Hamilton formalism, i.e. in configuration 
space, is eliminating two phase space variables or imposing two conditions onto 
the physical states; however, imposing one condition, e.g. V ■ E\*) = p, onto 
the states after moving to canonical formalism is constraining one phase space 
variable. Therefore, three degrees of freedom in the phase space arc eliminated 
in this intermediate method. This one degree of difference from the method 
of elimination corresponds to the degree of freedom for electrostatic field. It is 
natural that A ^ component in configuration space corresponds to one degree of 
freedom in phase space because Euler-Lagrange equation for Al^ i.e. V-E = p, 
does not have 2nd order derivative in time. 

On the other hand, only 2 degree of freedom in phase space was eliminated 
in our method in section 1. The other freedom corresponds to the freedom of 
gauge transformation. In other words, our method looks like = gauge 
in the configuration space but different from it. Because the states fulfill the 
condition ttqI*) = 6/6 Ao\*) = 0, we should rather think that all the possible 
configurations of are summed, i.e. all the possible gauges are summed. 

3.2 Dirac's theory 

The Dirac's canonical formalism of constrained systems is classifying the con- 
straints into "the first class" and "the second class" , and defining "Dirac brack- 
ets" instead of the Poisson brackets. We will explain about it in this subsection. 
How to do with the first class constraints will be commented later. In section 
1, we omitted explaining about the second class because only the first class 
constraints appear in the gauge theories. 

Let us suppose that we have N constraints {(t>i}. If a dynamical variable R 
satisfies {i?, ^i} w for all the i, this R is defined to be "the first class" . Unless, 
R is "the second class" , where w is called "weak equality" and "«" means that 
"equals when = (Vi)". Each of constraints itself is also classified into the 
first or the second class. 

Quantization was replacing Poisson brackets by commutators in non-constrained 
system, but it does not work for a constrained system with second class con- 
straints. Let us consider the simplest case of the 2nd class system L = x^/2. 
The primary constraint is p = and the secondary constraint is x = here. 
If only one of them was required, there is no problem to realize it as well as 
eq.(lO) in section 1. We can't, however, have [x,p\ = iU when we have both. 

Because of this problem, we can't replace Poisson brackets by commutators, 
and we have to define a new commutator that does not contradict the second 
class constraints. The Dirac bracket was invented for this purpose, and replacing 
Dirac brackets with commutators is the Dirac's quantization for constrained 
system. The Dirac bracket may be defined as 

{F, G}d = {F, G} - {F, MC-'0{<l>0, G} (42) 
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for the set of second class constraints^, where Cap = {^aj (A/s}- 
Dirac himself proposed quantization by imposing 



^Iphys) = 



for the first class constraints, and using Dirac bracket for the second class[ll]. 
Then it should have lead to the same argument as ours discussed in section 1 
and 2. The reason why he did not push this direction further is not known. 
Please do not confuse the prescription discussed here with "gauge fixing by 
adding constraints" , which will be discussed later in this section, even though 
they look similar in that they both use Dirac brackets. 

3.3 Gupta-Bleuler formalism 

Gupta-Bleuler[4] formalism is a kind of method that uses subsidiary condition. 
Subsidiary conditions are conditions that are imposed on the states to select 
physical states. We need to explain about the difi'erence between our method 
and this method to avoid confusion, because theirs is so much well known. 
Gupta-Bleuler formalism is defined as imposing 



on the physical states, where + means taking positive frequency part. Further, 
they modify the Hamiltonian to be 



without good reason. Because of this, the gauge degree of the freedom, which 
was originally arbitrary, and the electrostatic degree of freedom, which should 

not be vibrating, both vibrate with the frequency of 

The reasons why Gupta-Bleuler (GB) formalism worked in QED arc that 
the gauge degree of freedom did not make any effect because of Ward-Takahashi 
identity of electrons, and that L modes are suppressed by the subsidiary con- 
dition. It is sometimes misunderstood that the subsidiary condition is for sup- 
pressing the gauge freedom; however, the gauge freedom is not suppressed since 
dfiAA^ = = owing to A;^ = for gauge transformation A^^ = d^6. 
Instead, L mode is suppressed by this condition because Af, oc (0,fc). The 
condition /c^ = is because of the modification of the Hamiltonian. 

For the reason above, L modes does not exist in GB formalism, there is no 
electrostatic freedom, and only transverse modes are left. The theory only con- 
taining transverse modes does not make any problem as far as we are concerned 
with scattering in QED, and is equivalent to other theories in this section. 

^When all the relevant constraints are second class, rankC^^ = N holds. Unless we can 
make a linear combination of (pa's so that = for a column, and then that linear 

combination is a new first class constraint. Here rank is defined on the subspace where all the 
constraints hold. 



(5^)+|phys) = 




k 



28 



Note that GB formalism is different from other conventional methods in 
this section in that it does not eliminate gauge freedom, and just relies on 
Ward-Takahashi identity d^j^ = on the electron side. This is the reason why 
Gupta-Blculer formalism did not work for non-Abelian gauge theory unlike the 
other methods. 



3.4 Feynman's ghost and Faddeev-Popov ansatz 

Feynman started with the idea that only transverse polarization is possible for 
physical states in non-Abelian gauge theory [3]. Then unitarity was violated 
in 1-loop order, and he invented a fictitious particle, which is called "ghost", 
to make the theory consistent. This theory also is equivalent to other already 
presented methods, which have only transverse modes. 

This Feynman's theory was generalized to higher- loop order by DeWitt[5], 
and Faddeev and Popov[6] had shown that a simple rule reproduces that result. 

The path-integral formula for the gauge field is 



j VA O1O2 • • • expi j (fx C{x), 

where Oi O2 • • • is some combination of fields, and C{x) is the Lagrangian density. 

However, this expression cannot be calculated, because it has infinite volume 
where C{x) has the same value because of gauge independence. To solve this 
problem, Faddeev and Popov proposed replacing that formula by 



1 = jvA Oi02---A[A,/] J|5(/[A"(a;)]) X expi j (fxC{x), 



(43) 



where / is a fimctional of A°-{x). This expression docs not depend on the 
condition /[>l(a;)] = 0, which pins down the gauge arbitrariness. Here, 

A[A/] = l^j Ve^J{f[A'%x)])^ , (44) 

A'^^ix) = d^e%x)+igfabcAl{x)e'^{x), 

where VO means gauge independent functional integral on 4-dimensional space- 
time. 

Next, let us prove that cq.(43) is independent of choice of /. At first, A[A, /] 
is independent of gauge transformation 

A[A\f] = A[A,,f] 

since "DO is invariant measure against gauge transformation. Bringing a different 
/' into eq.(43), we may rewrite it as 



/ 



VA Oi02---A[A/] 



:A[A/'] / VeJ{5{r[A''^{x)])e^vi j d'x C{x). (45) 
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By letting the VO integration in eq.(45) outermost and using gauge invariance 
ofC and A[AJ], 



I've f VA0^02---A[A',f] l[5{f[A''^{x)]) 
xA[A,f']l[5{f'[A%x)])e^pi j d^x C{x). 



Therefore, we could show 

7= I ve [ VAOx02---A[AJ']^5{f'[A"-{x)]) x expi / d'^x C{x). 

■I J x,a ■' 

In other words, this formula does not depend on factor, which pins down 

the gauge arbitrariness, and this is the excuse to introduce eq.(43). 

Let us now evaluate A [A, /]. A[^,/] may be evaluated assuming /[A] (x) = 
because we have in eq.(43). Then eq.(44) may be evaluated around 

6{x) = 0, and the gauge independent integration / V9 becomes simply / fl^ dO"", 
and finally eq.(44) is equal to 



det 



S9''{x) 



Especially, when we take Landau gauge f[A] = dA = 0, 

A = detd^{d^S,h + fabcAn- 

This is called Faddeev-Popov determinant, and its contribution to I coincides 

with that of Fcynman's ghost particle at 1-loop. 

On the other hand, if we take gauge fixing hy Aq = in the configuration 
space instead of the Landau gauge, the determinant to appear is 



A-i= j VeYlSiA^ix)) =detl. 



Then 



/ = j ve j VA O1O2 ■ ■ -YlSiA^ix)) xexpi j d^x C{x) 



This will give the same value as ours as already mentioned. It has been con- 
sidered that changing gauge-fixing condition does not change physical results 
by the "proof already presented; however, our theory is different in that it has 
state that corresponds to electrostatic field. 
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3.5 BRST formalism 

The FP determinant in covariant gauge det d^D^ may be written as an path- 
integral of Grassmann fields as 

det^^'D^ = J DcDc expi j d^x [ic" D ^c"], 

D^c'' = d^c''+gfaboAy. 

This fields c, c are called "Faddeev-Popov (FP) ghost" regarding it as an particle. 
We rewrite the factor that was fixing gauge in eq.(43) as 

J\6{^^A''^') = I VB expi ( d'^a;{S"(a^A"^) + aBV2}, 

x,a ■' ■' 

where we have taken the Landau gauge for brevity, which requires a = 0. 
Including these FP ghost and gauge- fixing terms, the total Lagrangian density 

becomes 

C{x) = C{x) + + + [zc d>'D^c]. 

This C with FP ghost is invariant under a peculiar transformation, which is 
called "BRST transformation" : 

Sc'' = -gfabcc''cy2, (46) 

Sc" = iB", 
SB'' = 0. 

Operating this transformation twice will always give zero. The charge for this 
transformation is called "BRST charge" Q b , and it have properties of = 
and [Qb,H] = 0. 

It is shown by Kugo and Ojima[12] that Qb|V') = if a state consists 
only of transverse gauge bosons, and conversely, \ip) consists only of transverse 
states and zero probability states if QslV') =0. 

If the initial state consists of transverse polarization only, it is true all the 
time, which can be shown from this theorem. That is because Qb\*) = at the 
initial time, and then Qb\*) = all the time since H and Qb commute. 

In other words, this formalism also wipes out L modes and has no electro- 
static field. 



3.6 Gauge fixing by Adding Constraints 

The Dirac bracket can't be defined if we include any first class constraint (f>a be- 
cause Cab ~ 0, and rankC N. Then all the constraint will be rendered second 
class by adding N — rankC constraints ^b by hand^. This is the prescription of 

^It is supposed that the equations of motion from the Hamiltonian have AT — rankC degrees 
of arbitrariness. 
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gauge fixing by adding constraints. We choose so that the determinant of 

is not w 0. Then the problem is reduced to that of a system with the second 
class constraints only, which may be quantized using Dirac brackets. Different 
gauge fixating conditions all give the same result because it will be shown to be 
equivalent to Faddeev-Popov prescription, which is said to be gauge invariant. 

Let us apply this prescription to the actual case of non-Abelian gauge field. 
For example, let's take a common choice of the gauge 

i'l = ^s«o 

^° = V-1"«0. (48) 
This choice gives the following Poisson brackets: 

S'^'nS-y) ^ ^ \=M(t) 

' ~ I V. • (<5-^V, - gUcA-{x))5^{x - y) ) ' 

(49) 

Then the determinant of matrix (47) is not zero. Owing to this, we can define 
Dirac brackets and can quantize by replacing them with commutators. 

The above result is different from ours. Especially, the condition V • A" « 
means that oc (0, A:) part, i.e. L mode, is constrained not to appear. Then 
electrostatic field, which depends on L mode, won't exist. This prescription is 
same as tiie Coulomb-gauge elimination in that only transverse modes are left. 

To make this addition of constraints valid, the canonical variables should 
have as many freedom as the number of constraints to be added. In the current 
example of gauge theory, we need two degrees of freedom for each space-time 
point. Though, we only have one degree of freedom of A for each space-time 
point as far as we see equations of motion from Hamiltonian (24). Further, we 
have another question. In Coulomb gauge in the method of elimination, the 
electrostatic field was given by — V^^o = P- How can we have electrostatic field 
when Ao = and Al = 0? 

The answer is that it was considered possible to add two conditions without 
changing dynamics because of Dirac's extended Hamiltonian He- According 
to Dirac, one should generalize Hamiltonian by adding not only the primary 
constraint ttq but also the first-class secondary constraint V- tt — p as 

He = H + Xi{x, t)no + X2{x, t){V-n-p), (50) 

which add two arbitrariness for each space-time point. Dirac justified adding 
it because it won't change any state in the classical sense [11]. However, the 
constraints and equations of motion that is derived from He are 

TTo = 0, 
V-TT = p, 
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jr = V xV X A, (51) 

A = — ?-VAo-VA2, 
Ao = Ai. 

Here Ai is arbitrary and gives correct gauge transformation also to A through 
^0- On the other hand, the change caused by A2 modifies Euler-Lagrange 
equation in the fourth equation, and this change is not a gauge transformation, 
which is hard to justify. Since the k proportional part tt^ is determined by 
the second equation, the A2 changes A^. Especially under Aq = 0,Al = 
condition, electrostatic field is supported by A2 as ^ = — VA2. Here we again 
don't have any dynamical variable that corresponds to electrostatic field since 
A2 is not a quantum variable. 



3.7 Equivalence of quantized second class constrained 
system and Faddeev-Popov ansatz 

There is a theorem that the Dirac bracket method for a system with only second 
class constraints is equivalent to solving constraints, and quantization after this 
elimination gives a simple path-integral formula. Using these theorems, it will 
be shown that FP ansatz is equivalent to quantization with added constraints 
(subsection 3.6). 

Let us call the phase space spanned by the 2N variables Pi,qi by T. We 
suppose that we have constraints = (j = I, ■ ■ ■ , 2to) that specify a subspace 
r* in r. Then we can find a set of canonical variables p^ , {i = 1, ■ ■ ■ , N — m) 
that can be coordinate variables for F*. In other words, we can solve (pi to have 
2N — 2m dimensional canonical variables. Moreover, the Dirac brackets are, in 
fact, the Poisson bracket in p^, g?, i.e. 

r . r,. f dA dB dA dB \ 

{A^}-=E^a^5^-5^a^r (52) 



i=l 



These theorems were proven by Maskawa and Nakajima[13]. 

If we quantize solved variables pi , ql in F* , the path-integral formula is 

j d^N-2m^* ^2N-2m^* Q^Q^ • • • exp 1 j dt[p* q* - H {p* , q*)]. 

This formula equals to 

/2m 
d^^p d^^q 01O2 • • • [n n '^(^«)] (d^t^*^- M)'^^ 
t a=l 

xexpi J dt\pq- H{p,q)], (53) 
which was also proven in the paper [13]. 
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Wc can show that Dirac bracket method for second class constraints is equiv- 
alent to Faddeev-Popov method using these theorems. Here we use gauge-fixing 
condition (48) for example, and recall the matrix of Poisson bracket (49) among 
the constraints. Substituting detM of this matrix into (53), we have 



/ 



VttVA Oi02- 



,x,a 

X JJdetM(i) expi / d*x[n''Af,-H{p,q)]. 
t ■' 

Then we integrate Aq and ttq to get 



/ 



VixVA O1O2 



det M{t) 



]J(5(V-A"(a;))5(^-7r''(x) - p"(x)) 

_x,a J t 

X expi j d'^x[n'^A^ — H{p, q)], 

and introducing a different Aq and using 

Y[S0-Tr''{x)- p'^ixj) ^ [ PAoexpi / d'^a;[Ag(^-ir" - p")], 

a J J 

and integrating tt, eq.(53) finally becomes 



/ 



VA O1O2 ■ 



n<5(V-l"(a;)) 



]JdetM(i) X expi j d'^x C{x). (54) 



Here we could show that Faddeev-Popov determinant was reproduced because 
this equation (54) is eq.(43) substituted by / = V-^. 

3.8 Summary 

In this section, we have shown that all the widcly-uscd formalisms had elim- 
inated electrostatic field. In these formalisms, not only the freedom of gauge 
transformation but also the freedom of electrostatic field was eliminated because 
of gauge fixing, contrary to ours. 

The conventional methods each had different reason for justification. Gauge 
fixing by elimination was justified by thinking that variables may be elimi- 
nated before quantization. They thought that two variable may be solved away 
even though the gauge transformation has only one degree of freedom. It was 
possible because one of the conditions is the Euler-Lagrange equation related 
with electrostatic field. Then the electrostatic field was solved away classically. 
Feynman's ghost justified itself by making the idea self-consistent that only 
transverse polarization is physical. FP ansatz was justified by that path- integral 
must be gauge invariant, and it was the only known way. Gauge fixing by adding 
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constraints was justified by thinking that 4 variables may be ehminated before 
quantization. They think that 4 variable may be solved away even though the 
gauge freedom is only one degree. The elimination was possible because Dirac's 
extended Hamiltonian increased the freedoms and a new undetermined variable 
took over the electrostatic field. 

Why all the conventional methods consistently lead to the same result, even 
though they each had different reason for justification? The suspected reason 
is that they each constructed these theories by giving glance on the quantum 
theory of radiation. The belief of transversality prevailed in the quantum theory 
of radiation from its beginning, i.e. in 1930's. 

These conventional theories are not wrong by itself, because they are self- 
consistent. The question is which of ours or theirs does describe the physics 
more appropriately. 

4 Discussion and Conclusion 

In this paper, the belief of transversality was discredited. The belief of transver- 
sality is that only transverse polarizations are physical degrees of freedom and 
need to be quantized. If one believe that only transverse modes exist, it well 
lead to non-existence of electrostatic field as quantum object. Moreover, our 
formalism has shown it possible to describe a configuration of electrostatic field 
as a quantum state. The observable of electrostatic field obtained from our 
theory took continuous value. 

In our intuitive understanding, electrostatic field is a measurable quantity 
that exists at every space point, and every measurable quantity should have a 
quantum counterpart as an observable. In the conventional theory, in contrast, 
the electrostatic field is not a physical observable on space but a superluminal 
force between electrons, which is easily seen in the Coulomb gauge. This is 
counterintuitive but thought to be inevitable. Our formalism allows intuitive 
and natural understanding on the other hand. 

The reason why this problem of missing electrostatic field was not recog- 
nized is that field theories are used mainly in scattering calculation and then 
electrostatic field did not matter. 

Many people believe that reduction commutes with quantization. That is, we 
will get the same theory if we first eliminate classical gauge freedoms and then 
quantize, or if we quantize and then take gauge-invariant subspace. A mathe- 
matical counterpart of this question is called Guillemin-Sternberg conjuecture[15] , 
and proven in a limited setup of finite dimension. The method of elimination 
and the method of adding constraints are examples of this classical reduction, 
and they are different from ours. So, this conjecture should not hold in gauge 
field theories. The reader may also have the same idea as the author that Dirac 
has proposed this equivalence under the commutation. Actually, Dirac did for 
the second class constrains, but not for the first class constraint. 

It seems that our formalism have a problem of less looking covariant in spite 
of its advantages. Because we have the condition ttqI*) = d/SAo\*) = on the 



35 



states, we should rather understand that all the possible configurations of Aq are 
summed, i.e. all the possible gauges are summed in our formalism. Since it is the 
sum of all the possible configurations, we may think it is totally covariant overall. 
The reason why it looks non-covariant may be that the method for solving the 
equations of motion is dependent on the time slice, e.g. the mode expansion 
formula (11) is dependent. Further, we can ensure existence of solution and 
don't have multiple solutions for the equation ^0(2;) = {x)doU{x), which 
is necessary for gauge transforming from arbitrary A^^x) to Aq = 0. This is 
better than the other gauges, e.g. d/^A^ = /, for which neither existence nor 
multiplicity of solution is known well. 

Next, let us comment about implications of our theory. 

The dynamics of color-electric field line should be the cause of confinement 
of quarks in QCD, therefore the conventional quantization methods, which has 
only with transverse mode, won't be able to show confinement. In contrast to 
the conventional theory, our theory may predict such thing as the separation 
dependence of color electric force between two stationary quarks. Showing the 
mass gap and confinement in the non-Abelian gauge theory is a major problem 
in physics and mathematics. The ground, or the axiom, on which the theorem 
of confinement and mass gap should be proven, is now changed. 

In the attempts at quantizing gravity, we frequently come across upon the 
problem of whether we could deduce ordinary continuous space-time or not. 
Since the parallel between electrostatic fields and the continuous static space- 
time is apparent, we may expect deducing continuous space-time likewise. It 
may be reasonably suspected that the belief of transversality is the cause of the 
difficulty of the current attempts at quantum gravity too. 

The conventional formalisms, especially BRST formalism, are eliminating 
not only the freedom of gauge transformation but also the freedom of electro- 
static field. In other words, the freedoms of FP ghost is equal to the freedom 
of gauge plus that of electrostatic field, i.e. L modes. We may also say that 
the BRST symmetry is a two-fold extended symmetry that consists of not only 
gauge symmetry but also forcefully added freedom of electrostatic field. 

The theorems that were proven using the BRST symmetry will need rework. 
If a theorem is not wrong physically or mathematically, it will be possible to 
reinterpret the theorem in physically meaningful way. It is likely that the the- 
orems will become the ones about electrostatic field because BRST symmetry 
minus the trivial gauge symmetry is electrostatic part. 

Let us next comment about implication on the Higgs mechanism. Because 
there is no helicity zero degree of freedom in the conventional formalisms, we 
must supply degrees of freedom from elsewhere to make a massive vector boson 
possible. For this reason, the Higgs particles were reqiured. But in our case, we 
have helicity zero states, that is the L modes, and then it may be possible to 
have massive vector boson without Higgs particle. This possibility was already 
discussed in [14] by the author. 

The lattice gauge theory should be equivalent to our theory because, in 
dealing with gauge symmetry, they are the same in that they both don't do 
forced gauge-fixing, and that no kinetic term exists for L mode, i.e. zero energy 
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excitement. It will soon be shown in the numerical experiments that the lattice 
gauge theory agrees to ours. 

In conclusion, our formalism suggests another consistent way of quantizing 
gauge theory. The BRST formalism and the belief of transvcrsality should need 
careful revision, where they are closely related to each other as explained in 
section 3. So, all the works that rely on the belief of transversality will need 
rethink. 
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